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Abstract

A mathematical method is developed for assigning clones
uti.ization factors (= relative numbers of copies) given an
upper bound on the utilization factor of each clone. The
mean genetic value is maximized under a diversity con-
straint. The optimal utilization for a clone is linearly
related to the genetic value of the clone when this value
is not too low and the upper bound is inactive. It is argued
that this method is a useful tool for genetic thinning of
seed orchards. The method is extended to the situation
when the clones can be organized into groups of similar
clones. For each group an optimal linear utilization can
be found; in the simplest case the slopes are the same for
all the groups. The method is applied to a Norway spruce
seed orchard with 36 clones for which predicted breeding
values are available.

Key words: Diversity, genetic value, truncation selection, optimi-
zation, Kuan-Tucker theorem, Norway spruce.

1. Introduction

Genetic improvement may be defined as a process where
genetic value is improved while diversity is considered.
Diversity can be described in terms of effective popula-
tion size. For seed orchards genetic diversity is of big im-
portance since forests have a very long life and are diffi-
cult to manage after planting. Risk of pests and diseases
should be reduced already at stand establishment.

According to Crow and KimMura (1979), truncation selec-
tion is known to be the most efficient form of directional
selection. However, this view has later been revised.
Taking into account both genetic value and diversity,
there are more efficient ways to assign clones (genotypes)
utilization factors (= relative number of copies). This
has been demonstrated by examples (Kanc and NAMKOONG,
1988; Kang, 1989), by numerical optimization techniques
(Toro and NiETO, 1984), and by mathematical derivation of
optinial utilization factors (e. g. LINDGREN and MATHESON,
1986; LiNDGREN et al., 1989; BonpEesson, 1989).

In our earlier treatments, it was assumed that there is
no upper limit on the utilization of a clone. In the
present study this restriction is removed in order to make
the method more practical. Moreover, the method is
extended to cover also the case when the clones have a
group structure.

The results of this study are of particular relevance to
genetic thinning of clonal seed orchards. Seed orchards
are improved by removing ramets belonging to clones
with low breeding values. In that situation the utilization
of a clone is strictly constrained by the existing number
of ramets in the seed orchard. The number of ramets can
be decreased but not increased. When a seed orchard is
thinned the selection is often weak. In this case, in par-
ticular, truncation selection is inefficient.
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This paper is organized as follows: In Section 2 the
concepts of mean genetic value and diversity are defined.
It is argued that each clone should be utilized so that the
mean genetic value is maximized for a fixed value of the
diversity. In Section 3 the optimal solution is derived
with the help of the Kuun-Tucker theorem. Moreover, an
example is given. The case when the clones have a group
structure is considered in Section 4. In this case the
diversity measure is modified. Finally, in Section 5, there
is some discussion.

2. Mean Genetic Value and Diversity

Let Ci, Cy, .., C, be n available clones with genetic
values denoted g, g, ..., 8,. At the moment these values
are assumed to be well-determined by progeny testing.
The clones can be used to lay out an orchard producing
seeds (or cuttings). Alternatively, they can already be in
a seed orchard that should be thinned. The clones can
be used in different frequencies p;, po, ..., p,. These num-
bers are non-negative and sum to 1. We may interpret p; as
the relative number of ramets of C;, for instance.

When a seed orchard is laid out there is a priori no
other restrictions -on the frequencies than 0 < p; < 1,
i=1,2,..,n. If it is impossible to produce many ramets
of some clones, the upper bound 1 has to be replaced by
lower upper bounds b;, i = 1, 2, .., n. When a seed
orchard is thinned we must have 0 < p; < by =
p%/(1—T), where p% is the frequency of C; before thinning
and T is the desired degree of thinning. For example, if we
want to thin 50%, then p; < 2 - p°;.

The mean genetic value in the new or thinned seed
orchard will be G = 23'p;g;. Assuming random crossings
and additivity of genetic values and noting that G also
equals 33 p;p;(g;+g;)/2, we see that G is the relevant
measure of what the seed orchard can produce. Negative
effects of selfing are here neglected, cf. Remark 2.2 below.
It is desirable that the frequencies are chosen so that G
is made as large as possible.

It is not only important to have a large value of G in
a seed orchard. It is also important to have high diversity
there. High diversity will give a general protection against
all possible unknown future calamities for the progenies.

There are several ways of defining the diversity mathe-
matically. The simplest and most natural such measure is
1/2 p%, which equals n when all the clones have equal
frequencies. The measure is often called “effective popula-
tion size”, cf. RoBerTsoN (1961). In our case it is actually
the effective number of clones. Another name for it, or
its logarithm, is “Simpson diversity” (PieLou, 1982). As a
measure of the relative diversity, compared to the case
when the n clones have equal frequencies, we here use
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It is used instead of 1/3p% mainly to simplify the pre-
sentation. We have 1/n < a < 1 with « = 1 if and only if
p; =1/n.

Remark 2.1.

The choice of diversity measure can be motivated as
follows. In the future the progenies (one generation) of
the n clones will be affected by accumulated random
damages X;, X,, .., X,. Neglecting a possible common
component of these random variables, we may in the
simplest case assume them to be stochastically independ-
ent with a common variance. Then the variance of the
total damage, 2'X;p;, is proportional to 2p?%. The variance
should be made small, i. e. 1/2'p?% or, equivalently, a should
be made large. Thoughts about inbreeding in the future
forests give also support for the measure a. The number
of crossings between progenies of ramets belonging to the
same clone can be assumed to be proportional to Z'p?% and
should be kept low; cf. e.g. LINDGREN (1991).

High a and high G are two goals that are in conflict
with each other. The approach we make in this paper is
to fix a in advance at some target value and then try to
choose the frequencies of the clones in such a way that G
is maximized. We are thinking of a situation where a law
or rule prescribes that there must be some minimum
diversity. The rule may prescribe that the seed or-
chard should contain a minimum number of different
clones.

Alternatively, one may instead fix G at some value and
try to maximize the diversity. However, it turns out that
the mathematical form of the solution does not differ from
the above one, cf. Remark 3.2. A third approach would be
to try to maximize for example G — constant - 3p% (cf.
Remark 2.2) under no other constraints than the natural
ones. However, it is difficult to choose an appropriate
value of the constant.

Remark 2.2.

Selfing (within the orchard) may lead to a loss that
should be taken into account. The loss can be assumed to
be proportional to or linearly related to 2'p?%. Fortunately,
to maximize G — constant-Z‘pzi given the diversity is
equivalent to maximizing G given the diversity.

Remark 2.3.

In general g; is an estimated value of a true genetic
value G;. It can be assumed that g; = G; + §;, where J; is
a random error with mean zero and constant variance o?
and with at least approximately a Normal distribution.
We want to maximize G’ = 3 p;G;. We make a Bayesian
approach and assume that the Gy’s have a prior distribu-
tion. Then we can maximize the conditional expected
value of G’ given gy, g3 ..., 8,- Assuming that the Gy's stem
from a Normal population with mean u and variance 12,
we have, with p? = ?/(12+0?),

E[G'|g1. ...80] = L piE[Gilgi] = L pils + p2-(gi—#)) = (1-p%)u + p2-E pigs.

It follows that in the case of measurement errors
E[G’lgy, ..., 8,] is maximized when G=2 pyg; is maximized.
It may be added that the relation E[G;lg] =
u + p?(g—u) holds whenever the distribution of G; is not
extremely non—Normal. It should also be added that
u + p? (g7—u) is the best linear predictor of G; whatever
the distribution of G; is.
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We end this section with a simple but important lemma
to be invoked in Section 3. It has also an independent
interest.

Lemma 2.1.

Let h, and h, be 2 nonnegative increasing functions such
that h,(g) < hy(g) for g <y, hi(g) = hy(g) for g > y and
h,(y) = h,(y). Then a population with frequencies p; =
h; (g), i =1, .., n, has a strictly lower diversity than a
population with frequencies p; = hy(g), i = 1, ..., n. It is
assumed that 2 hy(g) = 2 hy(g) = 1 and that h(g) +
hy(g;) for at least some i.

The following figure 1 illustrates the lemma.
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Proof

We must show that 3 h?(g;) > 2 h2(g). Let 3~ (2'+)
indicate summation over the clones for which g; < y
(g; > ). The assumptions and some simple estimates give

Shi(e:) ~Th(gi) = I (halgi)-halgs)) - (halgi)+halgs))
= I~ (hy(gi)-halgi)) - (ha(gs)+halg)) + I (ha(gi)—ha(gs))- (hi(gi)+hatgi))
> T (hy(gi)—halgn)- (hi(M+ha(m) + I* (ha(gi)—halgs)) - (hi(9)+ha(7)) = 0.

The last equality follows from the fact that 2 h,(g) =
2 hy(g) = 1.

Remark 24.

It is not hard to show that the assumption that h; and h,
be increasing can be replaced by the weaker assumption
that h,(g) + hy(g) exceeds (does not exceed) h,(y) + -hy(y)
for g > y (g < y) whenever h,(g) & h,(g).

3. Optimal Utilization

The problem we have encountered reads mathematically
as follows:
Maximize G = 2’ p;g; under the constraints

(3.1)

£p} =1/(na), and 0<p;<bi

Here the desired diversity a is specified in advance as a
number. The bounds b;, i = 1, 2, .., n, are also given
numbers. We denote the maximum of the by’s by b. All
values of a in the interval (0,1] may not be possible. If
b; = b = n~Y(1—T), then a = ap;,, where ay;, ~ 1—T.
The minimum diversity o,;, is obtained for truncation
selection, i. e. when only the best clones are used and in
equal proportions (excepted the clone with genetic value
closest to the truncation point).

Ipi=1,

Now comes the, first main result of this paper.

Theorem
The optimal solution to the maximization problem has

the form p; = min (;i, b;), where




(3.2)

f07' 9i < o
Jor o < gi<a
for gi > ap

Moreover, except in degenerate cases, a,, a,, and £
(= b/(a,—a,)) are uniquely determined by the constraints
3.1).

The following figure 2 (for n = 10) illustrates the
theorem.
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Proof

Assumning that there is least one p-vector satisfying all
the constraints (3.1), we first of all notice that there is an
optimal solution since the set of admissible p-vectors is a
bounded and closed region. Then the theorem is mainly a
consequence of the Kuun-Tucker theorem; see, e.g., LUEN-
BERGER (1973, p. 233). Trying equivalently to minimize
—2p;g; and writing the 2n constraints 0 < p; < b; as
—p; < 0 and p—b; < 0, we define the Lagrange function
as follows:

L =—Zpigi + M(®pi — 1) + do(Tp} = =) + T ui(—p1) + £ vi(pibs).

Here 4,, 45, u;, .., u, and v, .., v, are the so-called
Lagrange multipliers. Let now (py, ..., p,) be the optimal
solution. 'fhe Kuun-Tucker theorem asserts that there are

real- constants 71 and 72 and non-negative ’1\12’5 and v~i’s
such that when the corresponding parameters have these
values

%i=0. Gi+(~ps) =0, and Vi+(p-bi)=0 i=1,2,..,n

In particular, we have G: = 0 if p; > 0 and ;i = 0 if

p; < b;. Since 3L/3p; = —g; + 7.; + ﬁ;pi —IT‘ + :i, we get
1 -1 3 ~ -~
Pi = (2X2) (gi— M + G5 — ).
1t is obvious that ’l: > 0. We see that the optimal solu-

tion is linear in g; for 0 < p; < b; as then T.li =v; = 0.
Clearly the line crosses the g-axis to the right of the
rightmost clone with p; = 0 since for all clones with p;

equal to zero E = 0 and ;: = (. Analogously, all clones
for which p; = b; are on or below the line; cf. the
illustrating figure above. This gives the first part of the
theorem.

To verify the uniqueness, we invoke Lemma 2.1. If there
had been two different linear solutions yielding the same
values of (X p;, 2 p?), then these 2 lines must cross each
other at some point (y, p) such that 0 < p < b since
otherwise the sum of the p;-values cannot be equal for
the two solutions. If b; = b, Lemma 2.1 gives immediately
a contradiction. Moreover, by the remark following Lemma
2.1, it can be verified that a contradiction is obtained also
when b; &= b. Of course, the line is not uniquely deter-

mined if there is no or only one clone C; such that
0< b < bi'
Remark 3.1.

In the proof it has implicitly been assumed that the
optimum point (p,, .., p,) is a regular point; cf. LUEN-
BERGER (1973, p. 233). In fact, this can be verified to be
true except in the degenerate case when the line is not
unique.

Remark 3.2.

The particular case when b; == 1 has earlier been treated
in LiNDGREN et al. (1989) and BonbpessoN (1989). As to the 2
completely different proofs there, some questions have
been raised about them. It is a hope that the short new
proof, covering a more general case, will remove all doubts.

Remark 3.3.

The Kuhn-Tucker theorem also shows that if instead
2p% is minimized (i.e.,, a is maximized) under the con-
straints 3'p; = 1, 3'p;g; = G (fixed), and 0 < p; < b;, then
the optimal solution still has the form (3.1). The following
figure 3 illustrates this fact.

a Optimal curve

- G

For each value of a there is an optimal G-value. The
optimal a-value corresponding to that G-value equals the
original a.

There are several ways of calculating the optimal solu-
tion:

i) By a trial and error procedure. Different pairs (a,, a,)
are tested and for each such pair Sp; and Jp?% are cal-
culated. We are satisfied when these numbers are suffi-
ciently close to 1 and 1/(na), respectively. A systematic
iterative search can be made so that the optimal solution
is rapidly found.

ii) By first calculating the line p; = §, + f - g; for which
2 p; =1 and 5 p% = 1/(na). If all the remaining con-
straints are satisfied, the optimal solution is obtained. If
not, the clone C; for which max(—p;, p;—b;) has its largest
value is removed from the further calculations. Its p-value
is set to 0 if p; < 0 and otherwise to b;. The procedure is
then repeated with obvious modifications of the target
values of ' p; and 2p?%. The procedure is repeated until a
solution with admissible p-values is obtained. In general
this simple procedure leads to the desired solution though
there may be exceptions. A correct solution is character-
ized by the property that all points (g;, p;) for which p; = b;
are on or below the full line whereas all points for which
p; =0 are on or above the full line. The procedure is
included in the package SELE that is distributed for
nothing by D. LINDGREN on request.

iii) By using some general program for quadratic opti-
mization. For example, the widely used package MATLAB
has an addition, Optimization Toolbox, that contains such
a program. It only produces the optimal p-values, not the
parameters for the broken line.

Example 3.1 (36 clones)

For 36 clones of Norway spruce in seed orchard 52 at
Maglehem in Skine (Southern Sweden) the following ge-
netic values (Tab. 1) (in increasing order) are available:
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79.8 80.7 841 8.2 859 8.9 8.9 913 933

94.0 942 956 962 969 974 100.1 100.4 100.7
102.0 102.2 103.1 103.4 103.7 103.7 1046 105.9 107.8
109.0 109.9 1103 110.3 111.9 112.7 114.6 115.2 116.0

These values are predicted breeding values for height.
They are expressed as percentages of a grand mean. The
data are taken from KarrssoN and Danerr (1989, Table
A5). We assume that all the clones have the same number
(== 60) of ramets in the seed orchard and that the genetic
contribution to the seed orchard crop is equal to the

fraction of ramets (to make the example simple). Suppose
we want to thin the orchard by 50% by removing half of
the ramets. The upper bound b = (36)~! / (1—0.5) = 1/18
must then be imposed on the frequencies p;. The smallest
possible diversity there can be after the thinning is a =
0.5 corresponding to thinning by truncation. By a program
based on the technique in (ii) above, the following maxi-
mum G-values were obtained for some different values of
a (Tab. 2). Comparisons are made with thinning by trunca-
tion for the same diversity and with the case when the
upper bound on the py’s is removed (b = 1). If the clones
can be reproduced, we can have b = 1.

a a a2 Gnax Girunc Gpax (b=1)
0.5 101.35 101.35 108.13 108.13 109.10
0.6 93.78 107.51 107.59 106.76 107.76
0.7 87.21 113.71 106.40 105.26 106.40
0.8 80.30 119.72 104.94 103.75 104.94
0.9 70.35 129.65 103.29 102.00 103.29
0.95 56.92 143.08 102.27 101.04 102.27
0.98 30.81 169.18 101.41 100.41 101.41
1.00 -0 00 100.00 100.00 100.00
The optimal frequencies are obtained as p; = (18)—!- orchard.

(gi—a,)/(a;—a,) for a, < g; < a,. For g; < a;, p; = 0 and
for g; > a,, p; = 1/18. We see that by using optimal
thinning instead of thinning by truncation the mean ge-
netic value can be improved by about 1% for o in the
interval (0.6, 0.98). This is a rather substantial improve-
ment. In particular, one should notice that the improve-
ment is big also for a-values rather close to 1 (i.e. when
the selection is weak). As gy, = 79.8, we also see that
for « 2> 0.81, no clones are completely removed when
optimal thinning is made. For a = 0.81, thinning by
truncation leads to the complete removal of (1—0.81) - 36
=z 7 clones. Optimal thinning keeps more clones in the

Example 3.2 (36 clones; ctd)

Assume that in the seed orchard the clones C,, (g5 =
102.2) and C;, (83 = 110.3) are available only in the pro-
portions 0.01 and 0.015, respectively, whereas the other
clones have equal frequencies (i.e., 0.975/34). The original
diversity is a = 0.982. After 50% thinning the maximum
frequency for all the clones except C, and Cz is b =
2:0.975/34 = 0.05735. For C, and C,, there are the bounds
by, = 0.02 and by, = 0.03. The program referred to above
gives the following results (Tab. 3) which only slightly
differ from the earlier results.

o ay ag Gnax P20 P30 P18

0.505 100.40 100.93 108.05 0.02 0.03 0.0324

0.6 93.31 107.26 107.48 0.02 0.03

0.7 86.74 113.28 106.29 0.02 0.03

0.8 80.01 119.03 104.84 0.02 0.03

0.9 69.98 128.93 103.21 0.02 0.03

0.998 — Foo 100.14 | 0.02 0.028 (= all other p;)

It should be noted that the maximum possible diversity,
0.998, equals 1 divided by 36 - ((0.98/35)2 - 35 + (0.02)3).
The minimum possible diversity, 0.505, is obtained
by setting p; equal to the upper bound b for the 16 clones
Cigy Coyi—Cagy C3;—Cg¢ P1g = 1 — 16 - b —0.02 — 0.03 =
0.0324, and p,, and p,, as above.

4. Groups of clones

It may be so that we know that the clones genetically
resemble each other in some way or another. The solutions
presented in Section 3 assume that in some sense all the
clones are equally unsimilar. To cover also the more
general situation, a new measure of the diversity is
needed. In general the diversity can be defined to be in-
versely proportional to a quadratic form Q = 33 ¢;;p;p;
where ¢; (0 < c¢;; < 1) measures the similarity between
Ci and Cj.
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We may interpret c; as the correlation between the
accumulated future damages X; and X; for the progenies
of the clones C; and C;; cf. Remark 2.1. If all the X-vari-
ables have the same variance, the variance of the total
damage 2X;p; is proportional to @ above.

Alternatively and differently, we may interpret c;; as a
negative effect of crossings within the orchard (to make
it simple) between the two clones C; and C;.

We consider from now on the important special case
when there are m groups of clones such that all clones
within a group are judged to be equally similar. We denote
the clones C;;, j = 1, .., n;; i = 1, ..., m. The corresponding
g-values and frequencies are denoted g;; and p;; respec-
tively. We assume that for group i the similarity between
any two clones can be described by a single number c;.
These numbers must be chosen more or less subjectively;



cf. the discussion in Section 5. The relative diversity is
then given by

(4.1)
a = - with Q = Z¢i(Zpi)? + B (1—¢i)X p?s
Q. ;oY i " ; i

P cipij(Zpik _ pu) + 22'p2i,~.
i k

or, equivalently, Q@ =

The factor 1/n is chosen so that comparison is made with
the case when c¢; = 0 and all the clones have equal fre-
quencies. If ¢; =0, then a = 1/(n - 23’ p%;) as in Section 2,
If the clones within each group are extremely similar, we
should have ¢; =1 and a = 1/(n - 2 P%) with P; =2 p;;

b

(the frequency of group i).

Remark 4.1.

The maximum value of a can be shown to be a,,, =

_1 2 (¢ + ltc_)_ ! . That value is realized by letting the
i

gsroup frequency P; be proportional to (c; + 1_;—_ci) —1 and

letting, within each group, all the clones have ‘equal fre-

quencies. We have a,,, < 1 with equality if and only if
¢; = 0. Moreover, a,,, is larger than or equal to the
diversity obtained for p;; = 1/n.

It can be shown by the Kuun-Tucker theorem that
G = 22 pjjg; takes its maximum value under the con-
straints 0 < p;; < by, PN pi; = 1, and a fixed value of

the diversity, only if p;; has the form

(4.2)

o= p ¢
pij = MEDIAN (0, (04 Bogyy— Cip, b)),

The right-hand side contains unknown p-values since P;
does. However, we see that the optimal solution is pro-
vided by essentially m broken lines, one line for each
group. The slopes are f/(1—c;), i = 1, ..., m. Thus the lines
are parallel if and only if the cs are equal. If ¢; = 1

only the best clones in group i are preserved. The line
for group i crosses the g-axis at a;; = (¢;P,—p,)/8.

The relation (4.2) also holds if instead the diversity is
maximized given the value of G.

In general the solution can be found numerically by
the simple iterative removal technique described in (ii)
in Section 3. For each iteration a system of equations has
to be solved. The technique is simplest to implement when
G instead of a is fixed in advance; cf. Remark 4.2 below.
Varying G, any desired value of a can be reached.

Example 4.1 (36 clones; ctd)

Actually the clones in Example 3.1 are grouped into
selections of plus trees from 12 different locations (stands),
numbered 1, 2, .., 12. From each of the locations 5, 6, 8,
and 11 only one clone was selected and these 4 clones are
therefore collected into an artificial group, R. The genetic
values are now as follows (Tab. 4):

1 100.7 114.6

2 88.9 91.3 956 102.2 107.8 109.0

3 85.9 110.3

4 79.8  80.7 94.0 103.7 104.6 111.9 115.2
7 84.1 94.2 103.7

9 89.9 969 103.1 1034 105.9
10 97.4 102.0 109.9
12 96.2 100.1 110.3 116.0

R 84.2 933 1004 112.7

(There are no evident differences between the groups.
In fact the “between groups” variance component is
estimated to zero by the ANOVA-method.)

Assuming again that originally all the clones have equal
frequencies, we get the upper bound b = 1/18 on the
frequencies for a thinning by 50%. Using the iterative re-
moval technique with fixed G-values, we get for some dif-
ferent c-values results as shown below (Tab. 5). The G-val-
ues are chosen so that they correspond to the diversities 0.5,
0.6, .., 1.0 when ¢; = 0. The c¢;-values are chosen to be
equal for all the groups except the R-group; for the R-
group cg = 0.

G a

ci=0] ¢;=0T ] ¢c;j=02 7] cj= 0.3 (cR = 0)
108.13 0.50 0.433 0.382 0.341
107.59 0.60 0.513 0.454 0.410
106 .40 0.70 0.584 0.510 0.458
104.94 0.80 0.651 0.561 0.499
103.29 0.90 0.712 0.604 0.532
100 1.00 0.768 0.641 0.558

The minimum diversities are in the first row. The last
main row gives the maximum diversities; the correspond-
ing G-values may deviate very slightly from 100. We
see that the diversities decrease considerably when the
common c-values increase; this is quite natural.

The optimal a-values corresponding to a specific G-
value are realized in different ways for different c-values.
To illustrate, we choose G = 1064. Then, with a, and
a, defined as in Section 3, we get the following table 6.
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ci= 0 c;=0.1 ¢c;i=0.2 c;i=0.3
al a9 at ag a1 a2 a1 ag

1 87.21 113.71 86.68 111.45 87.68 109.13 89.43 107.26
2 " " 89.09 113.86 91.35 112.81 93.81 111.65
3 " " 85.20 109.97 84.72 106.17 84.99 102.82
4 " " 90.77 115.54 93.96 115.41 97.05 114.88
7 " " 85.39 110.16 85.69 107.14 87.10 104.94
9 " " 88.61 113.38 90.69 112.14 92.98 110.81
10 " " 87.55 112.32 89.36 110.81 91.57 109.40
12 " " 89.39 114.16 92.04 113.49 94.50 112.33
R " " 82.37 109.89 79.06 105.87 76.95 102.43

slope 0.002097 0.002243 0.002590 0.003115

The slopes presented do not refer to the R-group; for
the R-group the slope of the line is obtained by mul-
tiplying the given slope by 1—c;. We see that when the
common c-values increase, the frequencies of the clones

in the R-group increase whereas the clones with low
g-values in the big groups (2, 4, and 9) get lower frequen-
cies.. This is quite natural and desired. For example, for
group 4, we have as easily can be verified (Tab. 7):

Ci Pau P42 P43 P44 P4s P46

0 0 0 0.0142 0.0346 0.0365 0.0518
0.1 0 0 0.0072 0.0290 0.0310 0.0474
0.2 0 0 0.0001 0.0252 0.0276 0.0465
0.3 0 0 0 0.0208 0.0236 0.0465

Remark 4.2. 1 (n,—2)c; +1 (&
where A; = . B, = —
In this section it has implicitly been assumed that the . l—c;  (m—ljg+1 1—¢;

gij-values are perfect estimates of the true genetic values
Gj;. if not, some modification is needed. Assuming that
Gii ~ N(,ui, ‘[2) and 8 ~ N(Gij’ ¢?), cf. Remark 2.3, we
have, with p? = 2/(+*+¢?),

E[Gijlgi] = (1-p2)pi + %35 » (1-p2)g: + p2g;;
where _gi is a mean for group i. We infer that the proper
thing to do is to replace the gj;-values by the values

(1——p2)-gi + p’g;; before the optimization is performed. An
estimate of p? is needed but it may be rather rough.

Remark 4.3.

Finally it is appropriate to give more details on how the
iterative removal technique is performed. In each step we
must for the unremoved clones solve the system of equa-
tions

(1—ci)psj + ¢iPs = Bo + B-gy;

with all the p;'s and §, and § unknown, cf. (4.2). Here
P; = 23 pj, where the summation is performed over all
clones in group i. Let —p; be the sum of the p-values
(0 or b;;) for the removed clones in group i. Hence

Pij + ¢i'X' pik = 7 + fo + B-gij,

where ’ indicates that the summation (in group i) excludes
all removed clones and also the clone C;;. For any values
of f, and f, we have for each group a system of linear
equations. Its solution can be shown to be:

(4.3)
pij = Ai'(7i+ﬂ0+ﬂ’gij)+Bi‘£'(7i+ﬂo+ﬂ'gik)‘

162

——— and here n; is the number of unremoved
(n—1)¢;+1

clones in group i. Let now the G-value be fixed. We then
have 33 g;;p;; = G and 22 p;; = 1 (summation over all
clones). Since the p-values are known for the removed
clones, we also know the values of these two latter sums
when the summation is taken over the unremoved clones
only. Using then (4.3), we get two (linear) equations-that
determine f, and §. Solving these equations and inserting
the values of f, and g into (4.3), we get the desired p-
values. The iterative procedure stops if all the inequalities
0 < p;; < by; are satisifed. Otherwise the clone C;; for
which max(—p;;, p;;—b;;) has its largest value is removed
and the procedure is repeated.

5. Discussion
No groups

Some extra work is needed to apply our method instead
of truncation selection. The increase in mean genetic
value in a general situation has been studied by LINDGREN
(1991). The advantage of our method is considerable when
the selection is weak as it usually is when genetic thinning
is applied to seed orchards.

For such a thinning, spacing is a concern besides the
breeding values. Actually, optimal thinning may also be
more practical than truncation selection. For spacing
reasons, the manager may want to keep some ramets of
non-superior clones. The method permits that.

Related works

Crow and Kimura (1979) proved that truncation selec-
tion will result in a higher mean genetic value than any
broken line with the same average fitness. We think that
the factor they kept constant is not the most relevant one
when comparing the alternatives.



Toro and NieTo (1984) addressed the problem of mini-
mizing genetic drift in a breeding program. They searched
for optimal unequal contributions of selected individuals
to the next generation under the constraint of a constant
selection intensity. They made no analytical derivations
but applied quadratic programming to get numeric solu-
tions. Their approach should give the same numerical
results as ours in Section 3, as in principle the assump-
tions are equivalent, though differently expressed. Using
simulations, Toro and Niero found that if different ex-
pected contributions are used in a breeding programme,
then the long term inbreeding effect will also be smaller
than for truncation selection. Evidently, this is an advan-
tage.

Kane and NamkoonG (1988) showed that there are situa-
tions where, for a given selection intensity, truncation
selection generates a smaller inbreeding effective popula-
tion size than other selective breeding schemes. They did
not try to optimize. Somewhat mysteriously, Kanc (1989)
found by numerical experiments that for breeding values
following the normal distribution increasing linear weight-
ing functions did not lead to improved selection. The
mystery disappears if his weighting functions are com-
pared to the optimal functions of the form g :(g—a) ¢(g),
where ¢ is the standard normal density. These latter
functions are decreasing in the right tail.

Groups

We have studied diversity when there is a resemblance
within groups of clones. There is no well-established
genetic theory for expressing “effective number” or “diver-
sity” when there are clones with different degree of
similarity as far as origin is concerned. In spite of that
this is a common situation. The theory is better established
for the case that there is a single population with a
family structure (FaLconer, 1981, Chapter 9).

We interpret the similarities as correlations, cf. the
beginning of Section 4. Letting the groups be families, we
should then have c¢; = 1 if all the clones within a group
are identical, ¢; == 0.5 if they are full sibs, and ¢; = 0.25
if they are half-sibs. Thus the optimization method can
easily be implemented in practice when the clones in a
seed orchard can be arranged in family groups.

It ought to be possible to assign c-values also to other
types of groups than families, like the different origins in
the Maglehem case. The c-values above for families in-
dicate that these values should be kept rather low (unless

there is coancestry). The c-values could possibly be in-
ferred from measured values of a lot of characteristics
(maybe on a molecular level!) that might be relevant
from the damage point of view or the inbreeding point of
view. At least the first author of this paper, who prefers
to think in terms of future damages, means that the within
group correlations for the g-values should not be used.

We suggest that optimal thinning (with separate lines
for the groups) is practically applied on seed orchards
where for some reason the clones are grouped.
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Abstract

In vitro shoot propagation in larch using the ability of
axillary buds to elongate and form long shoots is mainly

Silvae Genetica 42, 4—5 (1993)

limited by occurrence of short shoot formation. To increase
the rate of shoot propagation a stem elongating treatment
was used on short shoots from hybrid larch clones. For in-
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